Many data sets have missing values in practical application contexts, but the majority of commonly studied machine learning methods cannot be applied directly when there are incomplete samples. However, most such methods only depend on the relative differences between samples instead of their particular values, and thus one useful approach is to directly estimate the pairwise distances between all samples in the data set. This is accomplished by fitting a Gaussian mixture model to the data, and using it to derive estimates for the distances. A variant of the model for high-dimensional data with missing values is also studied. Experimental simulations confirm that the proposed method provides accurate estimates compared to alternative methods for estimating distances. In particular, using the mixture model for estimating distances is on average more accurate than using the same model to impute any missing values and then calculating distances. The experimental evaluation additionally shows that more accurately estimating distances leads to improved prediction performance for classification and regression tasks when used as inputs for a neural network.
Introduction
Missing values are a common phenomenon when dealing with real world data sets. The effects of incomplete data cannot be ignored when designing machine learning procedures. Values could be missing for a variety of reasons depending on the source of the data, including measurement error, device malfunction, operator failure, etc. However, many modelling approaches start with the assumption of a data set with a certain number of samples, and a fixed set of measurements for each sample. Such methods cannot be applied directly if some measurements are missing. Simply discarding the samples or variables which have missing components often means throwing out a large part of data that could be useful for the model. It is relevant to look for better ways of dealing with missing values in such scenarios.
In this paper, the particular problem of estimating distances between samples in a data set with missing values is studied. Being able to appropriately estimate distances between samples, or between samples and prototypes, has numerous applications. It directly enables the use of several powerful statistical and machine learning methods which are based only on distances and not the direct values, including nearest neighbours (k-NN), support vector machines (SVM) with Gaussian kernels, or radial basis function (RBF) neural networks [1] .
There are several paradigms for dealing with missing data used in conjunction with machine learning methods [2] . Conditional mean imputation, which is optimal in terms of minimising the mean squared error of the imputed values, suffers from leading to biased derived statistics of the data. For instance, estimates of variance or distances are negatively biased. Random draw imputation is more appropriate for generating a representative example of a fully imputed data set, but has too much variability in estimates of any single values, or distances between particular samples, to be accurate. Multiple imputation (drawing several representative imputations of the data, analysing each set separately, and combining the results) [3] can result in unbiased and accurate estimates after a sufficiently high number of draws, but it is not always straightforward to determine the posterior distribution to draw from [4] . In the context of machine learning, repeating the analysis several times is however impractical as training and analysing a sophisticated model tends to be computationally expensive.
The conceptually simplest approach to dealing with incomplete data is to fill in the missing values before commencing any further analysis. Many methods have been suggested for imputation with the intent to appropriately conform to the distribution of the data. These include imputation by nearest neighbours [5] , or the improved incomplete-case k-NN imputation [6] . An alternative approach is to study the input density indirectly through conditional distributions, by fully conditional specification [7] . However, the uncertainty of the imputed values is often not explicitly modelled in most imputation methods, and hence ignored in the further analysis, potentially leading to biased results.
One option for automatic preprocessing of data for machine learning is feature selection, which has been studied in the context of incomplete data in various ways [8, 9] . A possibility for integrating the imputation of missing values with learning a prediction model is presented in the MLEM2 rule induction algorithm [10] . Another suggested alternative is to use nearest neighbours to simultaneously conduct classification and imputation [11] .
Finite mixture models have proven to be a versatile and powerful modelling tool in a wide variety of applications. Particularly mixture models of Gaussians have been studied extensively to describe the distributions of data sets. The general approach to estimate the model parameters from data is maximum likelihood (ML) estimation by the EM algorithm [12] . This has been extended to estimating Gaussian mixture models for data sets with missing values [13, 14] . Recently, Gaussian mixture models as applied to missing data problems have been studied extensively [15, 16, 17] .
A way to use mixtures of Gaussians for training neural networks on data with missing values has previously been proposed in [18] , involving finding the average gradient of the relevant parameters by integrating over the conditional distribution of missing values. However, the authors only specify widths for the Gaussian components separately for each dimension in their implementation. This simplifies the analysis greatly, effectively ignoring correlations by restricting the covariance matrices to be diagonal. The suggested procedure specifically applies to training the network by back-propagation, and cannot directly be used for other machine learning methods. Another, more limited, approach to directly allow incomplete samples to be used in back-propagation is to flag input neurons corresponding to unknown attributes as protected, temporarily restricting them from being modified [19] . Further suggested approaches to using a mixture of Gaussians to model the input density for machine learning include forming hidden Markov models for speech recognition by integrating over the density [20] . Another analysis accounting for the uncertainty of missing values using a single multivariate Gaussian in clinical trials is to be found in [21] .
A variant of Gaussian mixture models for high-dimensional data has been proposed as high-dimensional data clustering (HDDC) [22] . Its use for data with missing values is studied in this paper.
In spite of the large body of work to approach the problem of incomplete data from different angles, very few authors explicitly consider the distances between the samples. The only specific method to be found to directly estimate these distances is the partial distance strategy [23] , which is popularly used and efficient but too simple to adequately account for more sophisticated distributions of the data.
In this paper, we propose to apply mixtures of Gaussians to the task of estimating pairwise distance between samples. Using a Gaussian mixture model is appropriate for this problem, as it 1) can be optimised efficiently even in the presence of missing values, 2) allows one to derive estimates of pairwise distances, 3) is flexible enough to cover any distribution of samples, and 4) is sufficiently sophisticated to provide non-linear imputation.
The sequel of this paper is organised as follows. Section 2 reviews the EM algorithm for mixtures of Gaussians, and introduces the extension to missing data, including how to efficiently conduct the computations and how to extend the method to high-dimensional data. Section 3 presents the estimation of pairwise distances. Section 4 contains comparison experiments on simulations of data with missing values, including results of neural networks for supervised learning tasks using the estimated distances. Section 5 concludes the paper.
EM for mixture of Gaussians with missing data

The standard EM algorithm
Before studying the case with missing data, we present the conventional EM algorithm for fitting a mixture of Gaussians [1, Section 9.2] . Given data X consisting of a set of N observations
, we wish to model the data using a mixture of K Gaussian distributions. The log-likelihood is given by
where
is the probability density function of the multivariate normal distribution, and
is the set of parameters to be determined. The log-likelihood can be maximised by applying the EM-algorithm. Initialisation consists in choosing values for the means µ k , covariances Σ k , and mixing coefficients π k for each component k (0 < π k < 1,
. The Estep is to evaluate the probabilities t ik that x i is generated by the kth Gaussian using the current parameter values:
In the M-step, the parameters are re-estimated with the updated probabilities:
The E and M-steps are alternated repeatedly until convergence is observed in the log-likelihood or parameter values.
Missing data extension of the EM algorithm
An important consideration when dealing with missing data is the missingdata mechanism. We assume that a missing value represents a value which is defined and exists, but for an unspecified reason is unknown. Following the conventions of [2] , the assumption here is that data are Missing-at-Random (MAR): P (M |x obs , x mis ) = P (M |x obs ), i.e., the event M of a measurement being missing is independent from the value it would take (x mis ), conditional on the observed data (x obs ). The stronger assumption of Missing-Completelyat-Random (MCAR) is not necessary, as MAR is an ignorable missing-data mechanism in the sense that maximum likelihood estimation still provides a consistent estimator [2] .
The standard EM algorithm for fitting Gaussian mixture models has been extended to handle data with missing values [13, 14] . The input data X is now a set of observations {x i } N i=1 such that for each sample there is an index set O i ⊆ {1, . . . , d} enumerating the observed variables. The indices in the complement set M i correspond to missing values in the data sample x i . In the case with missing values, the observed log-likelihood can be written as
, and as a shorthand of notation,
is also used for the marginal multivariate normal distribution probability density of the observed values of x i .
In the EM algorithm, in order to account for the missing data, some additional expectations need to be computed in the E-step. These include the conditional expectations of the missing components of a sample with respect to each Gaussian component k, and their conditional covariance matrices, i.e., µ
, where the mean and covariance are calculated under the assumption that x i originates from the kth Gaussian. For convenience, we also define corresponding imputed data vectors x ik and full covariance matricesΣ ik which are padded with zeros for the known components. Then the E-step is:
The notation µ Mi k refers to using only the elements from the vector µ k specified by the index set M i , and similarly for x Oi i , etc. For matrices, Σ M Oi k refers to elements in the rows specified by M i and columns by O i , and so on. The expressions for the parameters in equations (6) and (7) originate from the observation that the conditional distribution of the missing components also follows a multivariate normal distribution, with these parameters [24, Thm. 2.5.1].
The M-step remains functionally equivalent, the only changes being that the component means are estimated from the imputed data vectors and the covariance matrix estimate requires an additional term to include the covariances concerning the imputed values.
High-dimensional data
As the number of free parameters grows with the square of the data dimension, in high-dimensional cases it is often not possible to fit a conventional Gaussian mixture model, or even a model with a single Gaussian component. A version of Gaussian mixture models, high-dimensional data clustering (HDDC), has been proposed for this scenario [22] where in the M-step, the covariances matrices are replaced by a reduced representation. Applying this idea to the case of missing data is possible by modifying the covariance matrices of each component after calculating them in the M-step.
From the different variants of HDDC, the experiments in this paper allow all the parameters of the reduced representation to be determined freely for each Gaussian (the model [a ij b i Q i d i ] in the notation of [22] ). Following [22] , the number of significant eigenvalues is selected by the scree test [25] , where the dimension is selected when the subsequent eigenvalues have a difference smaller than a specified threshold (0.001 of the trace of the covariance matrix).
In brief (see [22] for details and derivations), the reduced representation entails taking the eigenvalue decomposition of the covariance matrix
and modifying all the eigenvalues λ kj apart from some of the largest ones. The scree test is used to find the number of eigenvalues d k to be kept exactly. The remaining eigenvalues are replaced by their arithmetic mean. In other words, the covariance matrix Σ k is replaced by a matrix
where Λ k is a diagonal matrix with the elements
assuming the eigenvalues λ kj are in decreasing order. This representation implies that only the first d k eigenvalues and eigenvectors need to be calculated and stored, efficiently reducing the number of free parameters required to specify each Gaussian component.
Initialisation
In our implementation of the EM algorithm with missing data, the means µ k are initialised by a random selection from the observed data, preferring samples without missing values if available. When there are insufficient complete samples, some of the Gaussian means are initialised by incomplete samples where the missing values are imputed by the sample mean. The covariances Σ k are initialised with the sample covariance of the data (ignoring samples with missing values). Alternatively, the covariances can be initialised as diagonal matrices, using only the sample variance of each variable.
Efficient EM iterations with the sweep operator
The most computationally consuming part of the EM algorithm is to deal with the inverses of the covariance matrices in equations (6) and (7), as the specific matrix to be inverted depends on the pattern of missing values for each data sample. A naive implementation would require inverting a matrix for each sample and Gaussian component every iteration, which is time consuming. A more efficient procedure for the same end result is to use the sweep operator [2] . A symmetric matrix G is said to be swept on row and column m when it results in a matrix H = SWP[m]G with elements:
Sweeping over several rows and columns can be conducted sequentially, denoted
can be shown that the sweep operator is commutative, and thus when sweeping over a set of indices it is not necessary to specify the order in which the sweeps are done. Hence it is possible to simplify and consider the process of sweeping over a set of indices, meaning sequentially sweeping over each index in the set, in any order. Now to apply the sweep operator to the present situation in order to find the conditional expectation and covariance distribution of a sample x i with respect to the Gaussian component k, form the (d + 1) × (d + 1) matrix:
Here the top left part of the matrix is the conditional covariance of the missing values (Σ
M Mi ik
), the vector at the top right is the conditional mean (μ Mi ik ), and the scalar value in the bottom right is necessary for finding the value of the marginal probability density for evaluating the log-likelihood.
However, in most data sets there are more observed data points than missing values, and hence it is more efficient to sweep over the missing values rather than the observed ones. This can be accomplished by applying the inverse of the sweep operator -the reverse sweep operator -denoted H = RSWP[m]G and defined by its elements: 
where for this calculation, zeros are inserted for the missing values of x i . Note that forming G does not require the matrix Σ k to be inverted repeatedly for each sample x i . For samples with no missing values, it is only necessary to evaluate (
for calculating the value of the probability density. The covariance matrices Σ k can be inverted in O(Kd 3 ) operations, and the vectormatrix-vector product requires O(d 2 ) operations for each sample and component. Sweeping over one index in G requires O(d 2 ) operations. Every missing value in the data set requires one sweep operation for each Gaussian component. The M-step is computationally less intensive, but estimating the updated covariance matrices still has a complexity of O(N Kd 2 ). Adding it all up, the complexity of one iteration of the EM algorithm is O(Kd
|M i | is the total number of missing values in the data set.
Model selection
The number of components is selected according to the Akaike information criterion [26] with the small sample (second-order) bias adjustment [27] . Using the corrected version is crucial, as the number of parameters grows relatively large when increasing the number of components. The corrected Akaike information criterion is a function of the log-likelihood:
where P is the number of free parameters.
in the case of full, separate, covariance matrices for each of the K components. With high-dimensional data sets, the number of parameters quickly tends to become larger than the number of available samples when increasing the number of components, and the criterion would not be valid anymore. This effect can be mitigated by imposing restrictions on the structure of the covariance matrices, but this would also make the model less powerful.
Distance estimation with missing data
The intended application of the mixture of Gaussians model is to use it for distance estimation. The problem of estimating distances between samples with missing data is non-trivial, since even perfect imputation (by the conditional expectation) results in biased estimates for the distance. Using additional knowledge about the distribution of the data leads to more accurate estimates.
In the following, we focus on calculating the expectation of the squared Euclidean (
2 ) distance. Estimating the 2 -norm itself could be feasible, but due to the square-root, the expressions do not simplify and separate as cleanly. Another motivation for directly estimating the squared distance is that many methods for further processing of the distance matrix actually only make use of the squared distances (e.g., RBF and SVM), while others only consider the ranking of the distances (nearest neighbours).
Given two samples
, which may contain missing values, denote again by M i and O i the set of indices of the missing and, respectively, observed components for each sample x i . Partition the index set into four parts based on the missing components, and the expression for the squared distance x i − x j 2 can be split accordingly:
The missing values can be modelled as random variables, X l i , l ∈ M i . Taking the expectation of the above expression, by the linearity of expectation:
In the final summation, it is necessary to consider X l i and X l j to be uncorrelated, given the known values of x i and x j . This assumption is not restrictive, and follows directly from the common approach that samples are independent draws from an unknown multivariate distribution.
It thus suffices to find the expectation and variance of each random variable separately. If the original samples x i are thought to originate as independent draws from a multivariate distribution, the distributions of the random variables X l i can be found as the conditional distribution when conditioning their joint distribution on the observed values. Then finding the expected squared distance between two samples reduces to finding the (conditional on the observed values) expectation and variance of each missing component separately. Definex i to be an imputed version of x i where each missing value has been replaced by its conditional mean, and defineσ l i as the corresponding conditional variance:
With these notations, the expectation of the squared distance can conveniently be expressed as:
This form of the expression particularly emphasises how the uncertainty of the missing values is accounted for. The first term -the distance between imputed samples -already provides an estimate of the distance between x i and x j , but including the variances of each imputed component is the deciding factor. The conditional means and covariances can be calculated using the Gaussian mixture model. These are calculated separately for each component in the M-step, and it only remains to determine the overall conditional mean and covariance matrix. These are found weighted by the memberships as follows:
The expression for the covariance is found by direct calculation of the second moments. In order to estimate pairwise distances, the conditional variancesσ l i = Σ ll i can be extracted from the diagonal of the conditional covariance matrix, or s i calculated directly as the trace ofΣ i .
In summary, the complete procedure for estimating distances consists of the following steps:
1. Fit a Gaussian mixture model of K components by the EM algorithm, for values of K from 1 up to a chosen maximum. 2. Calculate the log-likelihood and AIC C for each model. 3. Choose the model which minimises the AIC C , and apply it calculate conditional means and variances for each missing value in the data set. 4. Estimate distances between samples using the conditional means and variances.
Experiments
To study the effectiveness of the proposed approach, some simulated experiments are conducted to compare the algorithm to alternative methods on several data sets. The accuracy of the estimated distances is directly evaluated by different criteria, and also through the performance of neural network classifiers and regression models built using the estimated distances. Starting with a complete data set, values are removed at random with a fixed probability. As the true distances between samples are known, the methods can then be compared on how well they estimate the distances after values have been removed.
Data
Several different data sets are used for the experiments, and they are listed in Table 1 . Some data sets contain variables which are direct linear combinations of other variables, and as this induces unnecessary computational difficulties, some variables are discarded as detailed in the table. The data sets contain binary classification, multiclass classification, and regression tasks. As the problem of pairwise distance estimation is unsupervised, the outputs for the samples are ignored while estimating distances.
To make distances meaningful, the variables in each data set are standardised to zero mean and unit variance before values are removed. This standardisation is conducted only in order to have comparable error rates between repeated experiments, and the methods used do not depend on the variables being standardised.
Methods
The Gaussian mixture model approach is compared to two other methods for estimating distances:
PDS The Partial Distance Strategy [23] . Calculate the sum of squared differences of the mutually known components and scale to the missing components:d
For samples which have no known components in common, the method is not defined. For such pairs, the average of the pairwise distances which were possible to estimate is returned instead.
ICkNNI Incomplete-case k-NN imputation [6] . An improvement of completecase k-NN imputation, here any sample with a valid pattern of missing values is viable nearest neighbour. In accordance to the suggestions in [6] , up to k = 5 neighbours are considered. The imputation fails whenever there are no samples with such valid patterns. For these cases, the missing value is imputed by the sample mean for that variable.
In addition, the mixture model is compared to estimating the distribution by a single Gaussian. As another alternative, the distances are estimated after using the mixture model for imputation by the conditional mean -equivalent to discarding the variance terms of Eq. (11). Using a single Gaussian for imputation by the conditional mean is an interesting special case, as it is equivalent to a least-squares linear regression.
Performance criteria
The methods are evaluated by three different performance criteria. First, the methods are compared by the root mean squared error (RMSE) of all the estimated pairwise distances in the data set,
where d ij is the true Euclidean distance between samples i and j calculated without any missing data, andd ij is the estimate of the distance provided by each method after removing data. The scaling factor λ is determined so that the average is calculated only over those distances which are estimates, discarding all the cases where the distance can be calculated exactly because neither sample has any missing components: λ = M N − M (M + 1)/2, where M is the number of samples having missing values.
A common application for pairwise distances is a nearest neighbour search, and thus we also consider the average (true) distance to the predicted nearest neighbour,
Here, NN(i) is the nearest neighbour of the ith sample as estimated by the method, and d i,NN(i) is the true Euclidean distance between the samples as calculated without any missing data. The criterion measures how well the method can identify samples which actually are close in the real data. In addition, the accuracy is evaluated by the mean relative error of all pairwise distances:
This criterion gives more weight to small distances, and is also an 1 -type error. (As some data sets contain duplicate samples, sample pairs i, j where d ij = 0 are ignored when calculating this criterion.)
Procedure
Values are removed from the data set independently at a fixed probability p. For each value of p, 100 repetitions are conducted for the Monte Carlo simulation, and simulations are run for value of p of 5% (low ratio of missing values), 20%, and 50% (high ratio of missing values). The EM algorithm is run for 200 iterations, and repeated for a total of 5 times for each number of components. Runs are aborted if a covariance matrix becomes too poorly conditioned (condition number over 10 12 ). The best solution in terms of loglikelihood is selected, and the number of components is selected by the AIC C criterion.
Having 100 repetitions of the same set-up enables the use of statistical significance testing to assess the difference between the mean errors of different methods. The testing is conducted as a two-tailed paired t-test, with a significance level of α = 0.05. Comparing the performance of the best method to that of every other method results in a multiple hypothesis scenario, and thus the Bonferroni correction [31] is used to control the error rate.
Distance estimation results
The average RMSE values for the methods are presented in Table 2 . The data sets are grouped into three categories as follows, depending on which mixture model is applicable. The first category includes data for which the EM algorithm converges appropriately with at least two components, and here the number of components is selected by the AIC C criterion. For data in the second group, the EM algorithm either did not converge with two components, or the AIC C indicated that a single component is clearly sufficient. Finally there are the high-dimensional data sets (BCI, COIL, Tecator), for which the EM algorithm would not converge even with one component, and we apply the HDDC instead.
The most immediate observation is that using a single Gaussian or the mixture model tends to give the most accurate results for most data sets. For certain data (Computer Hardware, Ecoli, Image Segmentation), it appears that ICkNNI leads to better estimates.
For many data sets in the first category (Stocks, Iris, Statlog), the mixture model provides a clear advantage over using a single Gaussian. In other cases the differences are not significant, meaning that it may be sufficient to model the data with one Gaussian for this purpose, and indeed several runs resulted in mixture models of consisting of a single Gaussian, as evidenced by the mean K values of less than two.
For most data sets, it can also be seen that including the variance terms of Equation (11) tends to lead to an improvement in the accuracy compared to only conducting imputation. Table 3 shows the corresponding performances in terms of the true distance to the predicted nearest neighbour. This criterion is more emphasised on the accuracy of small distances, and reveals similar behaviour between the methods on most data sets. There are some notable differences, such as for the Computer Hardware data, where ICkNNI is the most accurate in terms of RMSE, but the mixture model approach is better for estimating nearest neighbours. For most data sets in the first group, the difference between using the mixture model and a single Gaussian is more pronounced than in Table 2 . Table 4 shows the mean relative error of each method. The relative performances are otherwise similar, except that in nearly all cases, using the mixture model for imputation is more accurate in terms of average relative error than directly estimating distances.
In terms of computational resources, the mixture model is more expensive than PDS or ICkNNI (which do not require multiple iterations over the data), but correspondingly delivers more accurate results. As such, the mixture model can be recommended in any situation where the computational task is feasible. Comparing imputation by the mixture model to using the same model for directly estimating distances, there is no difference in computational cost, but the directly estimated distances tend to be more accurate.
Regression and classification results
In order to study the effect of estimated distances on the performance of supervised learning tasks we assume a semi-supervised learning scenario. In particular, we have a full set of input samples, but labels only for a subset of them, and the task is to label the unlabelled samples. In the current situation this implies that the distances are estimated using the full set of input samples (ignoring labels), and a machine learning model is built using the distances between the labelled samples only (i.e., the "training set").
The model used is an Extreme Learning Machine model with RBF kernels [32, 33] . The kernel centres µ j are randomly selected samples from the training set, and widths σ j are assigned randomly. The number of neurons is fixed at N/10, where N is the number of samples. The model is not optimised at all so that the comparison would be as fair as possible, i.e., the models are exactly the same, the only change is the estimated distances (and the final weights of the output layer after training the ELM). The training phase only consists in finding the least-squares solution to the linear system Hβ = T where T is the target output of the labelled data and the hidden layer output matrix H has the elements
as well as a constant column of ones to account for the bias term. In the current scenario, T, µ j , and σ j are equal for each method. The only difference is how the distance x i − µ j is estimated considering the missing values.
In the simulations, the data samples were randomly partitioned into 75% for training and 25% for testing.
The results in terms of average prediction MSE (normalised by the variance of the target variable) for regression tasks are shown in Table 5 , and prediction accuracies for classification tasks in Table 6 . In a majority of cases, using a mixture model or single Gaussian to estimate distances results in more accurate predictions than PDS or ICkNNI. Comparing the relative performances to the relative accuracies in Table 2 , it seems evident that, in general, more accurately estimated distances lead to a better performance in prediction tasks.
Conclusions
In this paper, we present how mixtures of Gaussians can be used to effectively estimate pairwise distances in incomplete data. The problem of estimating distances in a data set with missing values can be reduced to finding the conditional means and variances separately for each missing value. Having a Gaussian mixture model of the distribution of the data enables these quantities to be estimated. In order to fit the mixture model, certain extensions to the standard EM algorithm are presented in Section 2, including a variant specifically for high-dimensional data.
The combination of these ideas provides for a method to estimate distances, and the simulations in Section 4 show that the method is competitive, if not better, than alternative methods in terms of accuracy. The increased accuracy in estimated distances is reflected in an improved prediction performance of neural networks built using the distances.
For future work, it remains to investigate the most effective ways to extend the method to high-dimensional cases where the number of dimensions would exceed the number of samples. Furthermore, it will be interesting to study the influence of the distance estimation when used with other machine learning methods, such as SVM. Table 2 : Average RMSE of estimated pairwise distances. The best result for each row is underlined, and any results which are not statistically significantly different (two-tailed paired t-test, α = 0.05) from the best result are bolded. The values in parenthesis represent the accuracy when the distances are calculated using the particular model for imputation only. The final column shows the mean number of Gaussian components K as selected by the AIC C criterion, and the mean number of distinct eigenvalues d k for HDDC. 
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